We investigate the black string in the context of the string theories. It is shown that the graviton is the only propagating mode in the (2+1)-dimensional extremal black string background. Both the dilation and axion turn out to be non-prppagating modes.
Recently there has been much progress in understanding the microscopic origin for the black hole entropy. This was possible by using a new description of solitonic states in string theory [1] [2] [3] [4] [5] [6] . For the simplest five-dimensional extremal black hole, Strominger and Vafa [1] counted the number of degeneracy corresponding to BPS-saturated states in the string theory for given charge. And they showed that for large charge, the number of states increases as e A/4 , where A is the area of the horizon for extremal black hole. That is, the statistical interpretation for the Bekenstein-Hawking entropy was made possible in five dimensions. On the other hand, the five-dimensional black hole is just a six-dimesional black string which winds around a compact internal circle [7] . The microstates of five-dimensional extremal black hole arise from the fields moving around a circle in the internal dimensions. In order to understand this situation, it is useful to take this internal direction as a space-time direction explicitly. This is a black string solution in six-dimensions.
As far as we know, full understanding of the black p-brane including the black string (p = 1) was not completed, compared with the black holes. This is because the black p-brane solutions are obtained in higher dimensions(D > 4) [8] [9] [10] .
Lower dimensional model may be used as a toy model for investigating higher dimensional black strings. Unlike the higher dimensional cases, the exact conformal field theory is known for two and three dimensions. Thus the particle contents can also be determined. A simple extension of Witten's construction for a gauged WZW model yields the three-dimensional charged black string [11, 12] . This solution is characterized by three parameters: M (mass), Q (axion charge per unit length), and k (a constant related to the asymptotic value of the derivative of the dilaton). For 0 < |Q| < M, the black string is similar to the ReissnerNordström black hole in four dimensions. In addition to the event (outer) horizon (r EH = M), there exist an inner horizon (r IH = Q 2 /M). When |Q| = M, this corresponds to the extremal black string. This is very similiar to the five-dimensional extremal black string [8] .
In this paper, we obtain a new traveling wave solution in the (2+1)-dimensional extremal black string. We use the standard scheme for studying the black hole physics [13] . However there exists a crucial difference. For the black holes, we choose the metric perturbation (h µν ) in such a way that the background symmetry should be restored at the perturbation level [14] . For the black strings [15, 16] , it is not always possible to keep such a background symmetry.
Let us start with the σ-model action of string theory [17, 18] 
where R (2) is the Ricci curvature of the world sheet. As it stands, (1) is not conformally invariant because conformal invariance is obviously broken by the dilaton (Φ). It can be restored quantum mechanically by requiring that the β-function forg µν , B µν , and Φ vanish.
To one loop, these equations arẽ
where
is the axion corresponding to B νρ . The above equations are also derived from the requirement that the fields must be an extremum of the low-energy string action [11, 12, 19] S
where the cosmological constant
arises from the fact that the central charge is not equal to the space-time dimensions. Here we set α ′ = 2 for simplicity. For the study of the black string, we take the conformal transformation as [16] 
The conformal invariance guarantees that one frame is as good as others, and thus our analysis will be carried out in the untilded frame. Then
The new equations of motion are given by
The static black string solution to the above equations is given bȳ
with N ≡ Q 2 /M. Note thatΦ is a dimensionless quantity since k has the dimension of length. The above solution is clearly invariant under translations of both t and x. For r → ∞ and k → ∞, the metric is asymptotically flat. Thus this represents a straight, static black string which is an extended object with horizon. When Q = 0,H rtx vanishes and this becomes a simple product of dx 2 and two-dimensional Witten's black hole. This is called as a black string without charge and was discussed in [11, 19] . From now on we concentrate our study on the extremal limit of N → M(Q → M). In this limit, the line element is given by
Notice that this metric is not only static and translationally invariant, but boost invariant.
This allows us to introduce two null-coordinates (v = x + t, u = x − t) and null Killing vector field (
∂ ∂v
). Using these, (12) can be rewritten as
For our purpose, we introduce the perturbation fields (H, φ, h) around the black string background as [16, 19] 
whereH ruv = −M/2r 2 and k µ is the null killing vector which satisfies
Here we choose k u = g uv and k v = 1. For this metric perturbation, the harmonic gauge
is trivially satisfied. This ansatz for the metric perturbation is valid for the black string, but not for the black holes. From now on we follow a perturbation anaysis for the black holes. In order to obtain the equations governing the perturbations, one has to linearize (8)- (10) as
From (18) one can easily find
This means that on shell H ruv is no longer an independent mode. The six equations from (16) are
(v, r) :
(u, r) :
(r, r) :
From (17) we obtain the dilaton equation
Eq (22) is trivially satisfied. Choosing ∂ v h = 0, one finds ∂ u φ = 0. It turns out that the only solution for the dilaton satisfying all eqs. (23), (24), (26), (27) and (28) is
which means that the dilaton and axion are the non-propagating modes in the black string background. In order to solve (25), define h as h ≡ f (r)h ′ (r)U(u). Then for f (r) = 1/r(r − M), plugging this into (25) leads to
Let us first find the asymptotic solutions. Near the horizon (r → M), the above equation leads to
Assuming h
. In the asymptotically flat region (r → ∞),
In this case we have h
The exact solution to (30) can be found by defining the new variable z as
With this new variable, z → 0 − (r → M + ) and z → −∞ (r → +∞) correspond to event horizon and asymptotically flat region respectively. Equation (30) can be rewritten in terms of z as
It is the standard procedure to cast this equation into the form of the hypergeometric equation. Substituting
into (33), then we have
Comparing this with the general form of the hypergeometric equation,
the general solution near z = 0 is given by
and near z = −∞
where Then the solution for the graviton near z = 0 is
and
On can check the asymptotic behaviors. Near the horizon(z → 0, r → M), from (34) and (37) one finds
In the asymptotically flat region(z → −∞, r → ∞), from (34) and (38) one obtains case. According to Refs. [15, 16] , the relevant equation from (8) is The corresponding solution is given by h ′ (r) = 1/(r − M). This is just the Garfinkle's solution. However it is obvious that the last term should be present. Therefore our solution is the correct one. The next is how to determine the form of U(u). There is no additional constraint for determining U(x, t) except ∂ v U(x, t) = 0. However we assume the normal mode solution of the form U(x, t) = e −iEt e −iχx .
From ∂ v U(x, t) = 0 one finds E = −χ. Then the form of U(x, t) is given by
This is a plane wave along the v=constant(the string direction :x). Hence the graviton mode (h = f (r)h ′ (r)U(u)) is the propagating wave in the black string background.
In conclusion, we find the new solution which propagates in the three-dimensional extremal black string background. This corresponds to the graviton mode. The dilaton and axion both are non-propagating modes. 
